Abstract. It is shown by several authors going back to Huisken-Yau that asymptotically Schwarzschildean time-slices possess a unique foliation by stable constant mean curvature (CMC) spheres defining the so-called CMC center of mass. We analyze how the leaves of this foliation evolve in time under the Einstein equations. More precisely, we prove that, asymptotically, their time evolution is a translation induced by the quotient of their linear momentum P and mass m, as to be expected from the corresponding Newtonian setting. In particular, the definitions of mass and linear momentum defined by Arnowitt-Deser-Misner (ADM) are compatible with the interpretation of the CMC foliation as the center of mass of the time-slice by Huisken-Yau. Furthermore, we prove that the coordinate version of the center of mass by Arnowitt-Deser-Misner and the coordinate version of the CMC center of mass coincide -without additional conditions on the scalar curvature. This is even true in the sense of existence, i. e. if one of the two exists then so does the other.
Introduction and general considerations
It is well known, that the center of mass z of any isolated Newtonian gravitating system evolves in time via
where P denotes the linear momentum and m > 0 the mass of the entire system. It is thus natural to ask whether this is also true when we consider isolated systems in general relativity. For such systems, there is no obvious way to define physical quantities such as mass, linear momentum, and center of mass. For relativistic (total) mass m and relativistic (total) linear momentum P, the definitions given by Arnowitt-Deser-Misner (ADM) [ADM61] are well-established in the literature. However, the contemporary literature knows several definitions of the relativistic center of mass of an isolated system in general relativity. Several authors suggest to define the center of mass of an isolated system as a foliation near infinity of the corresponding Riemannian manifold with total mass m > 0. Following [CN13] , we will call such definitions abstract to contrast what we call coordinate definitions of center of mass, see below. The first such definition was given by Huisken-Yau [HY96] , who defined the (CMC) center of mass to be the unique foliation near infinity by closed, stable surfaces with constant mean curvature. This was motivated by the idea of using CMC surfaces in this setting by Christodoulou-Yau [CY88] . Later, Lamm-Metzger-Schulze [LMS11] There are several coordinate centers of mass, e. g. the one suggested by ArnowittDeser-Misner [ADM61] , by Huisken-Yau [HY96] , by Corvino-Schoen [CS06] and by Huang [Hua10] (based on an idea by Schoen). Here, we call them 'coordinate' centers of mass as they are defined as a (three-dimensional) vector z ∈ R 3 which depends on the choice of coordinates near infinity -at least a-priori. It is well-known that the coordinate CMC center of mass coincides with the coordinate ADM center of mass if the scalar curvature is asymptotically antisymmetric, see [Hua10] and [EM12] . In the context of static isolated systems, Cederbaum [Ced12, Def. 4.3 .1] defined a 'pseudo-Newtonian' (quasi-local and total) coordinate center of mass and proved that it coincides with the coordinate CMC and ADM centers of mass [Ced12, Thm. 4.3.5]. Furthermore, she showed that the coordinate pseudo-Newtonian (and thus the coordinate CMC and coordinate ADM) center of mass converges to the Newtonian one in the Newtonian limit c → ∞. The coordinate CMC center of mass is generally well-defined for static isolated systems as the scalar curvature vanishes outside a compact set, see also [CN13] .
Chen-Wang-Yau recently suggested a completely new definition of (quasi-local and total) center of mass, which is given by optimal isometric embeddings into Minkowsky spacetime [CWY13, Def. 3 .2]. Additionally, their center of mass fulfills ∂z /∂t = P /m [CWY13, 2. Theorem]. To the best knowledge of the author, they give the first rigorous proof of ∂z /∂t = P /m for any definition of center of mass in the setting of isolated systems in general relativity.
In this paper, we focus mainly on the abstract CMC definition of center of mass. Thus, the central object is the unique foliation { σ Σ} σ>σ0 near infinity of an asymptotically Schwarzschildean three-dimensional Riemannian manifold (M , g ) by stable spheres σ Σ with constant mean curvature. These CMC spheres can be indexed in different ways, e. g. by the area | σ Σ| = 4πσ 2 . We use the mean curvature, i. e. the surface σ Σ is the unique element of the foliation with mean curvature
2 . Existence and uniqueness of such a foliation was first proven by Huisken-Yau [HY96] . Metzger [Met07] , Huang [Hua10] , and Eichmair-Metzger [EM12] subsequently weakened the decay and regularity assumptions on the metric g . Furthermore, Eichmair-Metzger [EM12] proved that the foliation exists for arbitrary dimension dim M ≥ 3. The uniqueness results were generalized by Qing-Tian [QT07], Metzger [Met07] , Huang [Hua10] . Brendle-Eichmair [BE13] proved that uniqueness is only valid for the whole foliation { σ Σ} σ>σ0 , not for a single leaf σ Σ.
The first main result of this paper is that ∂z /∂t = P /m holds for the abstract CMC, the coordinate CMC, and the coordinate ADM center of mass and we prove this in three versions: spacetime version (temporal foliation), abstract: There is a well-defined version of the main result for abstract asymptotically Schwarzschildean initial data sets (Theorem 4.6).
The second main result of this paper states that the coordinate ADM and coordinate CMC center of mass coincides for asymptotically Schwarzschildean manifolds (M , g ) not fulfilling the assumption of the asymptotic antisymmetry of the scalar curvature: The coordinate CMC center of mass is well-defined if and only if the coordinate ADM center of mass is well-defined; moreover they coincide whenever they are well-defined. In particular, ∂z /∂t = P /m holds also for the ADM center of mass, if it is well-defined and if J decays fast enough. We note that [Hua10] and [EM12] assume weaker decay conditions on the metric g itself than we do, but an need asymptotic antisymmetry assumption on the scalar curvature. In particular, the coordinate CMC center of mass is always defined in their setting [EM12,
The results in this paper should carry over analogously to arbitrary dimension n ≥ 3 and should also persist under weaker decay assumptions on g .
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Structure of the paper
In Section 2, we fix notations and define when a Riemannian manifolds is said to be asymptotically Schwarzschildean. We prove in Section 3 that the leaves of the CMC foliation are not completely off-center, i. e. there is an estimate on how far away the spheres can be from the coordinate origin (or coordinate CMC center of mass, if it is defined). The three versions of the first main result (Theorem 4.1, Corollary 4.4, and Theorem 4.6) are stated precisely and proven in Section 4. In Section 5, we prove that existence of the coordinate ADM center is equivalent to existence of the coordinate CMC center and that they coincide, if one and thus both of them exist.
Assumptions and notation
In order to study temporal foliations of four-dimensional spacetimes by threedimensional spacelike slices and foliations (near infinity) of those slices by twodimensional spheres, we will have to deal with different manifolds (of different or the same dimension) and different metrics on these manifolds, simultaneously. All four-dimensional quantities like the Lorentzian spacetime ( M , g ), its Ricci and scalar curvatures Ric and S, and all other derived quantities will carry a hat. In contrast, all three-dimensional quantities like the spacelike slices (M , g ), its Ricci, scalar, exterior and mean curvature Ric, S, k and H , its future-pointing unit normal ν and all other derived quantities carry a bar, while all two-dimensional quantities like the CMC leaf (Σ, g ), its Ricci, scalar, exterior and mean curvature Ric, S, k and H , its outer unit normal ν and all other derived quantities carry neither. When different three-dimensional manifolds or metrics are involved, then the upper left index will always denote the (real or artificial, see Construction 3.8) time-index of the 'current' time-slice. The only exceptions are the upper left indices e, S, and a, which refer to the Euclidean, the Schwarzschild, and the artificial metric (see Construction 3.8), respectively. If different two-dimensional manifolds or metrics are involved, then the lower left index will always denote the mean curvature index σ of the current leaf σ Σ, i. e. the leaf with mean curvature σ H = −2 /σ + 4m /σ 2 . The two-dimensional manifolds and metrics (and therefore other metric quantities) thereby 'inherit' the time-index of the corresponding three-dimensional manifold. We abuse notation and suppress these indices, whenever it is clear from the contest which metric we refer to.
It should be noted that we interpret the second fundamental form and the normal vector of a hypersurface, as well as the 'lapse function' and the 'shift vector' of a hypersurfaces arising as a leaf of a given deformation or foliation as quantities on the hypersurfaces (and thus as 'lower' dimensional). For example, if
denotes its normal (and not ν).
Furthermore, we use upper case latin indices I, J, K, and L for the twodimensional range {2, 3} and lower case latin indices i, j, k, and l for the threedimensional range {1, 2, 3}. The Einstein summation convention is used accordingly.
As mentioned, we frequently use foliations and evolutions. These are infinitesimally characterized by their lapse functions and their shift vectors. 
The decomposition of ∂Φ /∂σ into its normal and tangential parts can be written as
where σ ν is the outer unit normal to σ Σ. The function σ u : σ Σ → R is called the lapse function and the vector field σ β ∈ X( σ Σ) is called the shift of Φ. If Φ is a diffeomorphism (resp. diffeomorphism onto its image), then it is called a foliation (resp. a local foliation).
In the setting of a Lorentzian manifold ( M , g ) and a non-compact, spacelike hypersurface M ⊆ M the notions of deformation, foliation, lapse α and shift β are defined correspondingly.
As there are different definitions of 'asymptotically Schwarzschildean', we now describe the asymptotic assumptions we make. To rigorously define these and to shorten the statements in the following, we distinguish between the Riemannian, the initial data, and the foliation case.
Definition 2.2 (Schwarzschild quantities)
On R 3 \ {0}, the metric S g and the lapse function S α of the standard Schwarzschild timeslice are defined by
where m > 0, e g denotes the Euclidean metric, and r : R 3 \ {0} → (0, ∞) : x → |x| denotes the Euclidean distance to the origin.
3 is a chart of M outside a compact set L such that there exists a constant c ≥ 0 with
| is the Euclidean coordinate distance to the coordinate origin.
Definition 2.4 (C k -asymptotically Schwarzschildean initial data sets) Let ε > 0 and let (M , g , x, k, , J) be an initial data set, which means that (M , g ) is a Riemannian manifold, k a symmetric (0, 2)-tensor, a function, and J a one-form on M , respectively, satisfying the Einstein constraint equations
where
k -asymptotically Schwarzschildean of order 1 + ε and if α is a function on M such that there are constants δ ∈ (0, 1 + ε) and c ≥ 0 with
holds (in the chart x).
We remark that the asymptotic decay in (2) is a generalization of the one frequently used in the literature, where one assumes δ = 1, i. e. |k| ≤ C /r 2 and |α − S α| ≤ C /r ε . In particular, this is the minimal assumption for which one can hope for existence of the ADM linear momentum -without imposing any asymptotic symmetry assumption as for example the Regge-Teitelboim conditions. It is important to note that the decay assumptions made in Definition 2.4 do not imply that the ADM linear momentum P is well-defined. In particular, there is no hope to prove ∂z /∂t = P /m under these assumptions. This is why we use the pseudo quasi-local linear momentum σ P for which we prove ∂z /∂t = σP /m. This is explained in more detail in Remark 4.2. Beside the obvious advantage of achieving a more general result, the approach with these weak decay assumptions allows us to prove equality of the ADM and CMC center of mass under other assumptions than those in the literature and to use these results in the setting of the examples in [CN13] .
CMC leaves are almost asymptotically concentric
In this section, we assume that (M , g , x) is an three-dimensional, asymptotically Schwarzschildean Riemannian manifold with mass m > 0. Due to [Met07] , there exists a foliation Φ : (σ 0 , ∞) × S 2 → M of M near infinity by closed surfaces with constant mean curvature
2 . We show in this section, that the leaves of the CMC foliation for one fixed time-slice M . .= t M are almost concentric, i. e. the Euclidean coordinate center σ z of each leaf σ Σ (as defined in (1) 
2 with respect to the artificial metric 
By using DeLellis-Müller [DLM05], Metzger concluded that for any τ ∈ [0, 1] and σ > σ 0 there is a conformal parametrization σ τ ψ : 
We mention that Metzger also proved that the Euclidean coordinate centers of the leaves are of order σ, with controlled constant < 1. As this is not enough for our context, we prove the following inequality. 
Therefore, (τ, σ) ∈ I c corresponds to a quantitative estimate of being almost concentric. As the CMC foliation for the Schwarzschild metric (τ = 0) is given by the concentric spheres S 2 r (σ) (0), we see that I c ⊇ {0} × (σ 0 , ∞) for any c ≥ 0. By continuity of Φ (see Theorem 3.1), we conclude that I c is closed.
To show that I c is open in [0, 1] × (σ 0 , ∞) for some c < ∞, we prove estimates on the evolution of the CMC spheres σ τ Σ in 'τ -direction'. To do so, we have to show inequalities for the corresponding lapse function. As we will show, the lapse function is defined by its image under the stability operator. The stability operator of a surface Σ n → R n+1 can be defined (or interpreted) as the linearization at 0 of the graph mean curvature map
, where H ( graph f ) denotes the mean curvature of the graph f . .
This map is well-defined if f H 2 (Σ) is small and Σ regular. It is well-known that the stability operator can be written in the following form.
Definition 3.4 (The stability operator)
The stability operator σ τ L :
on the surface σ τ Σ is given byomitting the τ and σ indices -
where Ric is the Ricci curvature of M and ν is the normal to Σ -both with respect to the metric τ g .
To conclude estimates for the stability operator, we have to control its eigenvalues. 
Proof. Let (τ, σ) ∈ I c and let us omit the corresponding indices in the following. Furthermore, let ν be the normal to Σ, Ric the Ricci curvature of M -both with respect to the metric τ g -, N (x) . .= (x−z) /|x−z| the radial direction with respect to the Euclidean coordinate center of Σ and µ(x) . .= x /|x| the radial direction with respect to the coordinate origin. We obtain
By assumption on (τ, σ) ∈ I c , the estimate (5) on the normal and the Sobolev inequality therefore imply that
By the estimates (4) of the approximation σ Σ ≈ S 2 σ (z) and the assumptions on g , we conclude that the first three eigenvalues λ 1 , λ 2 and λ 3 of the Laplace fulfill
The desired inequality now follows by the estimates (3) on 
By the definition of the lapse function u and the stability operator L, we conclude from inequality (6) that
By Lemma 3.5, we conclude the desired inequalities for u from the regularity of the Laplace operator.
/// Now, we have to prove an analogous lemma for the lapse function w on Σ = σ τ Σ in τ -direction (lapse function in spacetime), i. e.
where γ . .= σ τ γ ∈ X(Σ) is the corresponding shift vector and ν . .= σ τ ν denotes the normal to Σ with respect to the metric τ g . Therefore, we have to estimate σ τ L( σ τ w), where σ τ L is the stability operator of the surface σ τ Σ (with respect to the metric τ g ). As first step, we see that
H is the mean curvature of the surface σ τ Σ with respect to the metric τ g . Thus, by changing τ to τ + δτ , we do not only change the surface, but also the corresponding metric from τ g to τ +δτ g . To distinguish between these 'two changes', we define σ τ H ( ) to be the mean curvature of the surface σ τ Σ with respect to the metric g . By the rules for the Lie derivative, we conclude
Therefore, we have to estimate the last derivative in order to prove the regularity of the lapse function in spacetime. To do so, we want to use the following proposition to characterize this derivative. The proposition is formulated in a more abstract way, because we also need it in Section 4. 
where ν denotes the outer normal of
Proof. We fix t 0 , omit all unnecessary indices, and identify Σ with Φ(t, Σ). We note that the desired equality is a local identity, in particular, it is sufficient to prove it in a chart. Thus, we construct an adapted chart x of M in a neighborhood of an arbitrary point p ∈ Σ. Choose in a neighborhood U ⊆ Σ of p a chart x, such that the metric g induced on Σ by Φ and t g is normal in this point p ∈ U , i. e. Denoting the Lie derivative of a tensor T in direction of a vector field X by L X T , we see
tr
This implies
As a first step, we thus conclude
By definition of the exterior curvature, we know
which by (8) leads to
By the Codazzi equation, we furthermore know
Combining this with (9), we get the desired identity.
///
To use Proposition 3.7 in the current setting, we have to construct a suitable Lorentzian manifold. To do so, we recall that Metzger considers artificial metrics τ g . .= S g + τ (g − S g ) (τ ∈ [0, 1]). We extend this idea and construct an artificial spacetime.
Construction 3.8 (Artificial Lorentzian manifolds) Let (M , g , x) be an asymptotically Schwarzschildean three-dimensional Riemannian manifold. The artificial Lorentzian manifold ( M , g ) of (M , g ) is defined by 
where C = C(m, ε, c, c) and σ 0 = σ 0 (m, ε, c, c) are constants not depending on τ .
Proof. Using Proposition 3.7 for the artificial Lorentzian manifold ( M , g ) constructed above and Σ . .= σ τ Σ, we conclude -omitting the indices τ and σ -
where we used the notation of Proposition 3.7. By the Codazzi equation, we obtain
where τ tr k is the trace of k and the one-form τ divk is the divergence of k -both with respect to the metric τ g . By recognizing that −2 k ij = g ij − S g ij and using the assumptions on g , we see that |k| ≤ C /σ 1+ε and |∇k| ≤ C /σ 2+ε . Therefore, we conclude the desired inequality with (7).
/// By Lemma 3.5, we conclude the following inequalities for w from the regularity of the Laplace operator: 
By definition, every evolution ψ of a sphere is characterized by the lapse function ψ w and the shift γ. In particular, this is true for the 'movement' of the spheres, i. e. the change in time τ of the coordinate origin. By computing the L 2 norm of ν i , we recognize that any function f ∈ L 2 can be written as
where f R is L 2 -orthogonal to ν i up to an error. This error vanishes asymptotically and is explained by the fact that the ν i are only asymptotically L 2 -orthogonal to each other. It is intuitively clear that this ψ w ν part of the lapse function characterizes the 'movement' of the spheres. 
is the lapse function of ψ and ν denotes the outer unit normal of σ τ Σ with respect to the metric τ g .
Proof.
Let ψ be a evolution of Σ = σ τ Σ. Again, we suppress the indices τ and σ. As the Euclidean coordinate center is invariant under diffeomorphisms, we can assume that ∂ψ /∂ϑ = ψ u ν. For the desired inequality, we first approximate the derivation of the numerator ( ϑ z | ϑ Σ| =´ϑ Σ x i dµ):
Using the Leibniz formula, we conclude the claimed inequality by
In view of Proposition 3.11, identity (11) and Corollary 4.5, the following Theorem 4.6 is the instantaneous version of Theorem 4.1. We use the expression instantaneous as no 'real derivative' is used, but only information of the (abstract) initial data set (and the lapse function α). The only remaining term that we need to understand iŝ
To obtain the desired result, we now have to replace f i by the components of the normal. By definition of the stability operator and the assumed decay of g − S g , we see
Thus, the f i are comparable to the first three non-constant L 2 -orthonormal eigenfunctions g i of the Laplace -in particular the linear span lin{f i } i is three-dimensional. In Euclidean space, the components N i of the normal to the sphere {r ≡ r } are eigenfunctions of the Laplace. Using the inequality (5) bounding ν − N , we thus conclude
Thus, there is an isomorphism T :
